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Abstract 

We study a certain class of non-maximal rank contractions of the nilpo- 
tent Lie algebra £),„ and show that these contractions are completable Lie 
algebras. As a consequence a family of solvable complete Lie algebras of 
non-maximal rank is given in arbitrary dimension. . 
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1 Generalities 

The notion of contraction of a Lie algebra ( also called degeneration by some 
authors) was originally introduced by physicists ( Segal) as a tool to relate 
classical and quatum mechanics. Inonu and Wigner used contractions attend- 
ing to a particularization, namely, that a subalgebra remains fixed through the 
contraction. This concept, quite restrictive for some purposes, was later gener- 
alized by Saletan [13] and Levi-Nahas. The relation between contractions and 
deformation theory is an important, but not fully exploited question [7]. Orbit 
closures of Lie algebras, where contractions play a central role, is not an easy 
problem, and it constitutes an essential tool in the analysis of the componets of 
the varieties £" and 01". 

Let £P be the set of complex Lie algebra laws in dimension n. We identify 
each law with its structure constants C^^ on a fixed basis [Xi] of C". The 
Jacobi identities 

n 
1=1 

ior 1 < i < j < k < n, 1 < s < n show that £" is an algebraic va- 
riety. The nilpotent Lie algebra laws Dl" are a closed subset in The 
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linear group GL{n,'C) acts on £" via changes of basis, i.e., (g*^){x,y) = 
g (/z ((?~^ {x) , (y))) for g £ GL (n, C). Let O (/u) denote the orbit of the law 
H by this action, consisting of all structures in a single isomorphism class. 

Definition. A Lie algebra X is a contraction of a law fi if X & O {iJ,) . 

Here the topology on the variety is either the metric topology or the Zariski 
topology. Both topologies lead to the same contractions. A contraction will be 
denoted by /i ^ A. It follows that the entire orbit O (A) lies in the Zariski- 
closure of O {^). In particular, the following condition implies /z ^ A: 

3gt G GL (n, C (t)) such that lim gt * ij. = X 

Contractions are also transitive, i.e., if A ^ and fx ^ tp, then A >— > V- Thus 
not any existing contraction must be shown directly. 

For a Lie algebra A to be a contraction of fj,, the following conditions are 
necessary: 

Lemma. Let X. Then 

1. dim Der [fi) < dim Der (A) 

2. dim [A, A] < dim [/U, /x] 

3. dim Z (A) > dim Z {fi) 

4- rank (A) > rank (/x) 

where Der (/i) denotes the algebra of derivations, Z {fij the center of the algebra 
fi and rank [fi) is the dimension of a maximal toral subalgebra of /j.. 

Proofs of the assertions can be found in [5], [7] and [14]. 
For a nilpotent Lie algebra g, we denote the ideals of the central descending 
sequence by (fl), i.e., (fl) = [q,C^-^q)] for i > 1 and C° (g) = q. If 
the algebra g contracts to an algebra f), it follows from the lemma above that 
dim (C* (fl)) > dim (C* (g)) . Therefore, if g has nilindex p, then the nilindex of 
f) is < p. 

Although wc will not make explicit use of the characteristic sequence, it is 
convenient to recall this invariant: Consider a complex nilpotent Lie algebra g = 
(C^j/i). For each X G C" we denote c{X) the ordered sequence of dimensions 
of Jordan blocks of the adjoint operator arf^ (X). 

Definition. The characteristic sequence of g is an isomorphism invariant c{g) 
defined as 

c{g)= sup {c{X)} 
where C^g denotes the derived subalgebra. 

A characteristic sequence is called linear if there exists an integer n such that 
c{g) = (n, !,..,!). 
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2 The algebras flm (gi , • • , ^fc) 



In this section we analyze some families of nilpotent Lie algebras for which 
certain classes of contractions will be determined. 

For m > 4 let Qm be the Lie algebra whose structural equations are 



where {lui, ..,uj2rn+i} if' a basis of (C^"*"'""'^)*. 

Proposition. For any to > 4 the Lie algebra Qm is naturally graded of charac- 
teristic sequence {2m — 1, 1, 1) satisfying the following property 



This algebra, which has been analyzed in [3], can be characterized as follows: 

Theorem. For to > 4 any naturally graded, central extension g of the filiform 
model Lie algebra L2m whose nilindex is {2m — 1) and satisfies 



is isomorphic to Qm- 

Algebras satisfying the preceding " centralizer condition" arise from the anal- 
ysis of gradations of nilradicals of Borel subalgebras of complex simple Lie alge- 
bras, and are defined by a modification of the graded structure of these algebras 
[3]. In particular, the deformations and extensions of Qm have been studied in [4]. 

Let m > 4. For any sequence 3 < qi < q2 < ■■■ < qt < m + 1 let Qm {qi, ■, qk) 
be the {2m + l)-dimensional Lie algebra whose Maurer-Cartan equations are: 



du)j 



dbJ2 = 

uii A cJj-i, 3 < j < 2m 



m. 




(C" {Qm)) D {Qm) 
Cb™ (C"""' (Brn)) ^ {Qm) 



C, (C™ (0)) D (g) 



du)j 



duj2 = 

duJ2m,+2-qi =0, 1 <i <k 

oji A 3 < j < 2m, j ^ {qi, 2m + 2- %}i<i<fc 




where {cJi, ..,a;2m+i} is ^ basis of (C^^+^)*. 
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Lemma. For m > 4 and k > 1 the Lie algebras Qm {Qi, nQk) o-Te nonsplit 

nilpotent of nonlinear characteristic sequence. 

Remark. In general, the algebras Qm {Qi, ■iQk) will not he naturally graded. In 
particular this happens whenever we have q,q' such that q' = 1 + q. In fact, 
the differential form duj2m+i determines the gradation in some sense [3]. These 
algebras are also interesting for the study of solvable rigid Lie algebras whose 
nilradical has linear characteristic sequence [2]. 

Theorem. For any m > 4 and k > 1 the Lie algebra Qm (91, 9fc) is a contrac- 
tion of Q. 

Proof. For any fc-tuple {qi,..,qk) let S {m,qi, ..,qk) be the following linear sys- 
tem 

ai + Gj-i = aj, 3 < j < 2m, j ^ {qi, 2m + 2 - gi}i<i<fe (1) 
ai + Gj-i - ttj-i = -1, j G {qi, 2m + 2 - gi}i<j<^. (2) 
dj + a2m+i-j = dj+i + a2m-j, 2 < j < m - 1 (3) 

and let 5' {m,qi, ..qk) be the system given by (1) and (2). We claim that any 

solution of S' {m, qi, .., qk) is also a solution of S (m, qi, .., qk). In fact, if j ^ 
{qi, 2m + 2 — 5i}i<j<;; then 2m + 2 — qi ^ 2m + 1 — j for all i, and therefore we 
have 

% + «2m+l-j — flj + l + 0,2m-j — ai + ttj + a2m-j 

thus 

a2m+l-j = ai + a2m-j 

If j G {Qi, 2m + 2 — (i'i}i<j</s tlien 2m+2 — qi = 2m+l—j for some i G {1, .., k}. 
Then 

flj + 0'2m+l-j = dj+l + 0'2m-j = 1 + Ol + (Xj + a2m-j 

and simplifying 

a2m+l-j = 1 + Ol + a2m-j 

This shows that the equations (3) are superfluous. Now, the system S' (m, qi, ..qk) 
clearly has integer solutions, depending on the parameters 02 = Ni and 03 = N2. 
Let {ai, ..,a2m) be the solution corresponding to the values A''i = 7V2 = 1 and 
^2771+1 (C (t)) denote the Borel subgroup of GL (2m + 1, C) consisting of lower 
triangular matrices. Define f{q^,..,q^),t e T2m+i {C{t)) by 

/ fig„..,g,),tiX,) = t'''Xi, z^2m + l 
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and consider the Lie algebra f^^^ ^ * /z, where is the Lie algebra law 
associated to Qm- Then the structural equations of f^^ ^^^^ * jj. are given by 

dui = du2 = 

duj = u)i A uij_u j e {Qi, 2m + 2 - qi}i<i<k 

duj = wi A Wj-i, 3 < j < 2m, j ^ {gj, 2m + 2 - g'i}i<i<fe 

m 

Now, as fli + Oj-i — flj = —1 for j G {qi,2m + 2 — (7i}i<i<fe by the system 
>S" (m, q'l, .., Qk) ( therefore by S* (m, gi, .., g^)), it follows easily that 

}}^ /(-',..,,,),t*M = M(«i,-,9fe) 

where n (gi, .., g^) is the law associated to Qm {qi, Qk)- CH 
Corollary. For m > 4 

M(9i,--,9fc) e 0(/x(gi,..,g^)) 
j/onrf 07^^t/ j/{gi,..,gfe} = {gi,..,gfe}. 

Corollary. Form > 4 f/ie algebras g-m {qi , ■ ■ , Qk) ( included q) are nontrivial 
deformations of the algebra ()m-i©C^, where i)rn-i is the {2m — 1)- dimensional 
Heisenberg Lie algebra. 

Proof Let /* e T2m+i (C {t)) be defined by 

ft{X^)^t"-^X^, l<i<2m+l 
where the aj satisfy the system S' (m, gi, .., g^) and the additional equation 

Ol + a2m-l = a2m " 1 

Then limt^oo * /x G O (f)™_i © C^). 

A similar reasoning shows that Q^n {qi, ■■iQk) ^ f)m-i © C^. The result follows 
from the fact that a contraction defines a nontrivial deformation [7]. □ 

3 Applications to complete Lie algebras 

Recall that a Lie algebra g is called complete if it is centerless and any derivation 
is inner [8]. I recent years, a general theory of complete solvable Lie algebras 
whose nilradical is of maximal rank has been developed ( [9], [10], [12]), and the 
existence of non-maximal rank algebras has been pointed out. In this section we 
will see how to obtain families of non-maximal rank completable Lie algebras 
considering the contractions above. 
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Let be a nilpotent Lie algebra and Der (g) its Lie algebra of derivations. 
A torus t over g is an abelian subalgebra of Der (g) consisting of semisimple 
derivations. The torus t induces a natural represntation on q such that 

aet* 

where t* = Horn (t,C) and Qa = {X G q \ [t,X] = a (t) X, Vi G t}. If t is maxi- 
mal for the inclusion relation, by the conjugation theorems of Morozov, its com- 
mon dimension is a numerical invariant called the rank of g, denoted rank (g). 
An algebra is called of maximal rank if rank {q) = bi = dim {q, C). Following 
Favre [6], a weight system of g is given by 

Pg (t) = {{a, da) \ a Gt* such that ga 7^ 0, da = dimflc} 

We also recall the folowing results: 

Proposition. Let g be of maximal rank and t a maximal torus. Then the 
semidirect product t®g is complete solvable. 

Definition. The algebra g is called completable if i(B g is complete for a max- 
imal torus t, and simple completable if it is not the direct sum of nontrivial 
completable Lie algebras. 

The main result we will use is a slight modification of the next 

Theorem. Let g be a Lie algebra and f) a Cartan subalgebra. Assume that 

following conditions are satisfied: 

L i) is abelian 

■2- 0=E«eA0a with A c i)* - {0} 

3. there is a basis {ai, .., ai} of f)* n A such that Amig±a.^ < 1 for 1 < j < I 

and [ga,,g-a,] ^ if -aj G A 

4. f) and {g±aj, 1 <j <l} generate g 
Then g is a complete Lie algebra. 

The last conditions can be replaced by by more general statements [11] 

3' there is a enerating system {ai, ..,ai} of t)* in A such that dimg^^. = 1 
for all j and f),0c<i, ..,£!«! genrate g. 

4' Let ^ Xj G gaj and a basis {ai, .., Ur} of f)*. For r + 1 < s < I, 

t r 

ots = '^kisaj^ - ^ kisaj^ 

i=l i=l+t 
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where kis G N U {0}, {ji, ..,jr) is a permutation of (1, .., r), and there is a 
formula 

[Xj^ , .., Xj^ , --Xj^ , .., Xj^ Xk^] 

^ V ' ^ V ' 

~ [•^jt + 1 I ■■^ -^jt + 1 I ■ -"^ 5 • • 5 "^jr T S 1 ^ kl ■ ■ ■ 1 "^km ] 
^ V ' ^ V ' 

without regard to the order or the way of bracketing, where m ^ if t = r. 

Theorem [11]. Let q he a Lie algebra satisfying conditions (1) , (2) , (3') and 
(4') . Then q is a complete Lie algebra. 

We obtain one more consecuence of the theorem in the preceding section 

Corollary. For m > 4 and k >1 

rank {g^iqi, ..,qk)) > 2 

Proof. The fact follows from the hnear system {S {Sm ■■,Qk))) associated 
to the algebras [1] and the fact that 6i (flm •■) 9fe)) > ''i (flm) = 2, where 
6i(fl) = dim ifi(0,C). □ 

Proposition. Let m > 4 and k > 1 a weight system of Qm ••,%) is given 
by 



PQm (tm) = {(ai,'^Q!i)l<i<2m+l} 



where dimfl^j. = 1 for all i and the weights {ai, ..,a2m+i} satisfy the following 
linear system 

ai + aj-i = ttj, 3 < j < 2m, j ^ {qi, 2m + 2- qi}i<i<k 

a2m-t + -(Xt+l - (Xm = Oim+l, l<t<m-2 (Si) 

In particular, rank {Qm (91, ••, (Zfe)) <m + l. 

Proof. The system (Si) coincides with the Hnear system S {Qm {Qi, --jlk)) as- 
sociated to the nilpotent Lie algebra Qm {qi, --jQk), thus the ai correspond to 
eigenvalues of semisimple derivations [1]. Therefore we can isolate q^^, .., cnj^ 
(1 < ji < h- < is < 2 + 2k) such that for any j e {1, , , 2m + 1} - {ji, .., jg} 
we have 



t=i 



Now, using the standard techniques [1] it is routine to verify that for 1 <t < s 
the derivations e Der {Qm (gi, ■■,qk)) given by 

fj, {Xi)=a\Xi, l<i<2m+l 
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define a maximal torus tm {qi, ■■, Qk) of Qm {Qi, Qk)- Thus the weight system is 
given as above. 

Clearly any weight space Qa^ is at most one dimensional. For the last assertion, 
observe that for fc = m + 1 the system (^i) is 

ai + Q-lm-l = Ollm 
Oit + 0:2m+l-t = Q!m + CKm+l, 2 < t < m - 1 

and that the rank is the maximal possible, namely m + 1. □ 
Theorem. For m > 4 and k >1 the semidrect products 

Xm {qi, -nqk) = tm (O'l, ••,&) ©0m (^l, ••,%) 

are solvable and complete. 

Proof. It is easy to see that for any / G Der {tm {qi, ■■, qk)) we have 

/(tm {qi,-,qk)) C Qm {qi,-,qk) 

This is a direct consequence of the particular action of (gi, .., g^) over flm ••) qk)- 

If t„i (f/i, ..; <?fe) = {hi,..,hs}. then for any 1 < t < s there exists a per- 
mutation a € Ss such that fj^ = ad{ht). The nilradical is clearly gener- 
ated by {Xi,X2,Xq^,X2m+2-q,]i<i<k'' where {Xi, ..,X2m+\} is a dual basis 
to {wi, ..,cj2m+i}- It follows that the algebra r„i (qi, ..,9^) satisfies the condi- 
tions of the preceding theorem, so that it is complete. □ 

Lemma. If k = 1 and qi ^ m + 1 or k > 2, the Qm {qi, ■■, qk) is not of maximal 
rank. 

Proof. The proof is an immediate consequence of the weight system. For fc = 1 
and gi = m -h 1 we have rank{Si) = bi =3. Observe that this is the only case 
where qi = 2m + 2 — qt. □ 

Corollary. For any odd dimension n > 9 there exist completable Lie algebras 

of non-maximal rank. 

Thus the contractions of the algebra Qm ( it is itself completable since it is of 
maximal rank) are completable of non-maximal rank, up to an exception. The 
families above expand the examples obtained in [10], [12] for non-maximal rank. 
In fact, since the algebras Qm {qi, ■■, qk) are nonsplit, we obtain even more: 

Corollary. For m > A and k >1 the algebras Qm{qi-, ■■iqk) o,re simple com- 
pletable. 
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